Magnetised plasma turbulence can have a multiscale character: instabilities driven by mean temperature gradients drive turbulence at the disparate scales of the ion and the electron gyroradii. Simulations of multiscale turbulence, using equations valid in the limit of infinite scale separation, reveal a novel cross-scale interaction mechanism in these plasmas. Parallel-to-the-field-line shear in long-wavelength, ion-gyroradius-scale E × B flows can stabilise short-wavelength electrongyroradius-scale instabilities: this is the dominant cross-scale interaction in the turbulence studied here.
Magnetised plasma turbulence can have a multiscale character: instabilities driven by mean temperature gradients drive turbulence at the disparate scales of the ion and the electron gyroradii. Simulations of multiscale turbulence, using equations valid in the limit of infinite scale separation, reveal a novel cross-scale interaction mechanism in these plasmas. Parallel-to-the-field-line shear in long-wavelength, ion-gyroradius-scale E × B flows can stabilise short-wavelength electrongyroradius-scale instabilities: this is the dominant cross-scale interaction in the turbulence studied here.
In a magnetised plasma, gradients in the mean temperature of the component particle species act as sources of free energy that drive instability. Instabilities saturate through nonlinear interactions to form turbulence; the nature of the turbulence is determined by the character of the underlying instabilities. In this Letter we consider the effect of cross-scale nonlinear interactions in turbulence driven at two well-separated scales: understanding the nature of the interactions between long-wavelength turbulence and independently driven (and dissipated) shortwavelength turbulence represents a fundamentally different problem to usual studies of turbulence, where there is only one injection range, one inertial range, and one dissipation range.
Instabilities in magnetised plasmas typically have a structure that is elongated along field lines; this is a result of the Lorentz force which causes particles to perform gyro orbits in the plane perpendicular to the magnetic field line, whilst allowing unimpeded motion in the parallel-to-the-field direction. By definition, in a magnetised plasma the typical particle gyroradius is much smaller than the device scale a that determines the parallel-to-the-field scale of instabilities. In the core of magnetic confinement fusion devices two of the dominant instabilities which drive turbulence are the ion temperature gradient (ITG) and the electron temperature gradient (ETG) instabilities [1] [2] [3] [4] . The ITG instability drives turbulence at the scale of the ion thermal gyroradius ρ th,i , at frequencies of order the ion transit frequency v th,i /a, with v th,i the ion thermal speed. The ETG instability drives turbulence at the scale of the electron thermal gyroradius ρ th,e , at frequencies of order the electron transit frequency v th,e /a, with v th,e the electron thermal speed.
When the ion and electron temperatures are approximately equal the space and time scales associated with the ETG and ITG instabilities can be well separated: the separation of scales is determined by the square root of the electron-to-ion mass ratio (m e /m i ) 1/2 ∼ ρ th,e /ρ th,i ∼ v th,i /v th,e . For the deuterium ions commonly used in magnetic confinement fusion, the small value of (m e /m i ) 1/2 ≈ 1/60 allows for the possibility that two distinct types of turbulence co-exist at well-separated space-time scales. This possibility has sparked considerable interest in multiscale turbulence, see e.g. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
Direct numerical simulations (DNS) of multiscale plasma turbulence show that the interactions between long-wavelength and short-wavelength scales can be important for determining the character of the turbulence and the flux of heat exhausted from the fusion plasma [5] [6] [7] 10] . The small value of (m e /m i ) 1/2 makes DNS of multiscale plasma turbulence extremely challenging; the increased cost of multiscale DNS compared to conventional simulations scales with (m i /m e ) 3/2 . Recent multiscale DNS have been performed using the electronto-deuterium mass ratio (e.g. [6] [7] [8] ) and electron-tohydrogen mass ratio (e.g. [5, 10] ). The multiscale DNS show that short-wavelength turbulence can be suppressed in the presence of long-wavelength turbulence due to cross-scale interaction [5, 7, 10] . In this Letter we use a scale-separated approach to demonstrate that longwavelength, perpendicular-to-the-field E × B flows with variation in the parallel-to-the-field direction can stabilise the short-wavelength ETG instability: this mechanism may explain the suppression of the ETG-driven turbulence observed in DNS.
Scale-separated model.
The local, δf gyrokinetic equations describe the evolution of magnetised plasma turbulence driven by mean gradients [20] [21] [22] in the limit that ρ th,i /a → 0 and ρ th,e /a → 0; this model is the starting point in the derivation of scale-separated equations for multiscale turbulence [23] . We now briefly review this derivation, first presented in [23] . Ultimately, we find that the local gradients of slowly-evolving, longwavelength turbulence act to modify the mean gradients and flows which drive (or suppress) rapidly-evolving, short-wavelength fluctuations. In analogy to the coupling between turbulence and large-scale transport [24, 25] , we might expect short-wavelength turbulence to generate fluxes that diffuse long-wavelength turbulence. However, this effect is too small to appear at leading order in the arXiv:1911.04999v1 [physics.plasm-ph] 12 Nov 2019 (m e /m i ) 1/2 expansion that we employ.
In the limit that (m e /m i ) 1/2 → 0, multiscale turbulence can be decomposed into components: the longwavelength "ion scale" (IS) and the short-wavelength "electron scale" (ES). We assume that IS turbulence varies only on ρ th,i perpendicular-to-the-field scales in space and on a/v th,i scales in time, whereas ES turbulence has much finer ρ th,e perpendicular-to-the-field structures, and evolves on the rapid a/v th,e time scale. Both IS and ES turbulence have parallel-to-the-field scales of order a. Here, ρ th,p = v th,p /Ω p , with p the particle species index, v th,p = 2T p /m p , Ω p = Z p eB/m p c the species cyclotron frequency, T p the species temperature, Z p the species charge number, e the unit charge, B the magnetic field strength, and c the speed of light. The distribution function δf and electrostatic potential φ of the turbulence are sums of the IS and ES components;
where χ and χ are the IS and ES pieces of any quantity χ, respectively. We introduce an ES average · ES , an average over ρ th,e perpendicular-to-the-field scales and a/v th,e times. We assume that ES turbulence is statistically periodic on ρ th,e scales, i.e., δf ES = 0. This allows us to use · ES to extract the scale-separated, coupled gyrokinetic equations for δf and δf from the gyrokinetic equations for δf . The IS component of the turbulence is evolved with the usual gyrokinetic equation for the ion species, and a parallel-orbit-averaged equation for the electron species. The IS turbulence evolves independently of the ES turbulence to leading order in the (m e /m i ) 1/2 expansion. At the ES the ion species have a Boltzmann response. The evolution of the ES turbulence is governed by the short-wavelength electron gyrokinetic equation [23] ∂ g ∂t
where we express the ES gyrokinetic equation in terms of the particle guiding centre R = r + b × v/Ω e , with r the particle position, b the magnetic field direction, v the particle velocity; ε the particle kinetic energy; λ = µ/ε the pitch angle, with µ the magnetic moment; σ the sign of the particle velocity in the magnetic field direction function, and F 0 the Maxwellian electron mean distribution function. The poloidal angle θ is the parallel-tothe-field coordinate; v M is the electron magnetic drift; the long-wavelength and short-wavelength
is the long-wavelength, IS, electron distribution function; and C is the collision operator. Equation (2) is closed by the ES quasineutrality relation Z i n i = n e , with n p the ES fluctuating density of species p. The ES quasineutrality relation can be written
where n 0e is mean electron density.
Cross-scale interaction is mediated by the terms v E ·∇ g and v E ·∇g in equation (2) . Gyroaverages do not appear in v E or ∇g as ρ th,e is much smaller than the spatial scale of the IS structures. The gradient ∇g and the drift v E appear in analogy to the gradient ∇F 0 -local gradients can act to drive or suppress fluctuations. Equations (2) and (3) are solved in a thin ES flux tube embedded within a larger IS flux tube. In each ES flux tube, ∇g and v E take values which are constant in the perpendicularto-the-field plane; the effects of the radial derivatives of ∇g and v E are small by (m e /m i ) 1/2 . However, the drift v E can vary along the field line -this results in instability suppression when the parallel-to-the-field shear rate is comparable to the growth rate of ES fluctuations. To enable the study of cross-scale interaction in this multiscale framework, the cross-scale terms v E ·∇ g and v E ·∇g in equation (2) were implemented in the δf gyrokinetic code GS2 [26] .
Numerical results. Figure 1 shows the linear growth rate γ of the ETG instability, in the absence of cross-scale interaction. We plot γ as a function of (K y ,θ 0 ), where K y is the binormal wave number, andθ 0 is the poloidal angle at which the wave fronts of the mode align with the minor radial direction of the flux surface. Modes witĥ θ 0 = 0 have radially aligned wave fronts at the outboard midplane. The dashed curve in figure 1 indicates the sta- bility boundary where γ = 0, calculated with an interpolated spline fit. The growth rate is calculated in a plasma with a simple magnetic geometry consisting of concentric circular flux surfaces, with parameters largely corresponding to the widely-used Cyclone Base Case benchmark [27] . We choose a to be the half-diameter of the last closed flux surface; we take the normalised minor radius ρ = r/a = 0.54, with r the minor radius; the major radius R = 3.0a; the safety factor q = 1.4; the magnetic shearŝ = ρd ln q/dρ = 0.8; equal ion and electron temperatures T i = T e = T ; the normalised temperature gradient a/L T = −d ln T /dρ = 2.3; the normalised density gradient a/L n = −d ln n/dρ = 0.733; the normalised self collision frequencies aν ii /v th,i = aν ee /v th,e = 0.01; and the mass ratio m e /m i = 1/3670.
To assess the impact of cross-scale interaction on the ETG instability shown in figure 1, we perform simulations of long-wavelength ITG-driven turbulence. We compute a sample of ∇g(θ, ε, λ, σ) and v E (θ) at 6 IS times t s , on a 6 × 5 grid in IS radial and binormal position, x s and y s , respectively. For each t s at every sampled (x s , y s ) we compute the ETG linear growth rate γ(t s , x s , y s ), including the effects of cross-scale interaction via the terms v E · ∇ g and v E · ∇g in equation (2) . Figure 2 shows the average ETG growth rate γ ts,xs,ys in the presence of the IS turbulence. Comparing figures 1 and 2, we see that, on average, cross-scale interaction stabilises the ETG instability. In figure 3 we show the result of recomputing the average ETG growth rate γ ts,xs,ys including only the effect of the IS drift v E and setting ∇g = 0: as figures 2 and 3 show similar levels of stabilisation, we can infer that the dominant cause of the stabilisation is the presence of the IS flow v E . Simulations which recompute γ ts,xs,ys retaining only the effect of ∇g, by setting v E = 0, show little change compared to figure 1, supporting this conclusion. In all cases we calculated the standard deviation σ γ ts ,xs ,ys to verify the convergence of these results. (2), we set ∇g = 0. Comparing to figure 2, we see that the presence of vE is the dominant cause of the stabilisation of the ETG mode. Modes within the dashed curve are unstable.
Interpretation. In the limit that (m e /m i ) 1/2 → 0 the effect of perpendicular-to-the-field flow shear on shortwavelength fluctuations is negligible: in each ES flux tube v E is constant in the binormal y and radial x coordinates in (2) . If the IS potential φ were also constant in θ then the term v E ·∇ g in equation (2) could have no effect on the growth rate, because then v E ·∇ g could be removed by changing to a toroidally rotating frame [23] . Therefore, it must be the variation of v E in θ that causes the suppression of the ETG instability; the parallel-to-the-field shear in a perpendicular-to-the-field flow. This is in contrast to the effect of mean E × B flows, which can suppress turbulence through perpendicular-to-the-field shear.
To demonstrate that parallel-to-the-field shear can suppress the ETG instability, we prescribe a form for ∇φ that satisfies the "twist-and-shift" boundary condition [23, 28] and results in a drift v E with linear variation in θ. We focus on the x s = 0 surface in the IS flux tube, and take ∂φ ∂y s xs = −Ê, ∂φ ∂x s ys = −Êŝθ,
whereÊ is a constant. Figure 4 shows the ETG growth rate calculated with the prescription (4) for v E , witĥ E = T /ea, and ∇g = 0. As with perpendicular-to-thefield mean E × B flow shear, the effect of the parallelto-the-field IS E × B shear is to reduce the maximum growth rate γ max and shift the peak growth rate away fromθ 0 = 0. In figure 5 a nonzero value ofÊ of either sign reduces γ max . This qualitatively demonstrates how the drift v E is able to suppress the average ETG growth rate: the effect of v E is to reduce the growth rate of the ETG instability at almost all (x s , y s ) positions within the IS flux tube. The spectral form of the term v E · ∇ g in (2) allows for the evaluation of the parallel-to-the-field E × B shear rateω E in this model prescription: where κ ρ 1.0 is a geometrical factor. In figure 5 γ max is halved when the imposed electric fieldÊ = 0.5T /ea. Taking the typical ES K y ρ th,e = 0.5, then for this value of E the typical shear rate isω E 0.1v th,e /a γ max (Ê = 0). This matches the expectation that flow shear should be important when the shear rate is comparable to the growth rate of the unsheared instability. The effect of parallel-to-the-field shearing of turbulence by E × B flows is also contained within the usual single-scale nonlinear term (e.g. in v E · ∇ g in (2)). Parallel-to-the-field flow shear has previously been considered as a part of a model of hyperviscous dissipation of long-wavelength ITG turbulence [29] .
Discussion. The results presented in this Letter were obtained in the limit (m e /m i ) 1/2 → 0 with a leadingorder theory that assumes scale-separation between longwavelength and short-wavelength structures. This theory may not describe multiscale turbulence accurately for realistic values of (m e /m i ) 1/2 under a variety of circumstances; e.g., when radially elongated ES structures [30] [31] [32] grow to be as large as a typical IS eddy; or when there is no significant dissipation at wavelengths between the scales of the IS and ES turbulence. Nonetheless, in this Letter we have demonstrated that significant crossscale interactions do persist in the limit (m e /m i ) 1/2 → 0: ITG-driven turbulence with parallel-to-the-field shear in the long-wavelength E × B drift can stabilise the ETG instability. The suppression of short-wavelength turbulence seen in some DNS is often assumed to be the result of perpendicular-to-the-field E × B shearing by longwavelength turbulence. In fact, that mechanism does not appear in the leading-order scale-separated ES equation (2) [23] . In the limit that (m e /m i ) 1/2 → 0, ES structures do not have a large enough spatial extent to be affected by perpendicular-to-the-field shear in IS E × B flows.
A criterion for when to expect ETG stabilisation to occur can be obtained from a simple quasilinear argument. If we assume that the variation of v E in the parallel-to-the-field direction ∂v E /∂θ ∼ v E , then we can expect parallel-to-the-field shear stabilisation when
i.e., when the shear rate is faster the typical ETG growth rate γ ETG , at a typical ETG wave number k ETG . A quasilinear estimate gives v E ∼ γ ITG /k ITG , with γ ITG and k ITG the typical ITG growth rate and wave number, respectively. Hence, we can expect parallel-to-the-field shear stabilisation of ETG turbulence when γ ITG /k ITG γ ETG /k ETG . This result is consistent with observations of the behaviour of multiscale turbulence made in light of some DNS [16] [17] [18] , however, [16] [17] [18] neglect the variation of E × B drifts along field lines, and so neglect the effect of parallel-to-the-field shear that is critical to our argument.
In this Letter, the effect of ∇g did not lead to a significant cross-scale interaction. The effect of ∇g may be more important for other parameters. Finally, we note that the scale-separated model should be modified if factors that we have assumed to be of order unity become large enough to interfere with the (m e /m i ) 1/2 expansion; possible examples of such parameters include the ratio (γ ETG /k ETG )/(γ ITG /k ITG ) and the ratio of the zonal to nonzonal fluctuation amplitudes [23] . 
